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ABSTRACT

Various extensions of classical gamma, beta, Gauss hypergeometric and confluent
hypergeometric functions have been proposed recently by many researchers. In this paper,
further generalized extended beta function with some of its properties like summation
formulas, Integral representations, connections with other special functions such as
incomplete gamma, classical beta, classical Wright, hypergeometric, error, Fox-H, Fox-
Wright, Meijer-G functions are obtained. Beta distribution together with-it corresponding
moment, mean, variance, moment generating function and cumulative distribution are also
presented. Moreover, the generalized beta function is used to generalized classical and other
related extended Gauss, Kumar confluent, Appell’s and Lauricella’s hypergeometric functions
with their integral representations, differential, difference, summation and transformations
formulas.

Keywords: Appell-Lauricella function, Beta distribution, Confluent hypergeometric function,
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1. Introduction

The classical gamma and beta functions are given in (Chaudhry & Zubair, 2002; Srivastava &
Choi, 2012)

) =Ty“ exp(-y)dy, (Re(y,)>0), (1)

B(yuy,)=[y" (1-y)"dt.  (Re(y)>0.Re(y,)>0). (2

O ey

Classical Gauss and Kumar confluent hypergeometric functions are defined as (see for
example, Abubakar, 2021a)

~ gz"'u 95— gz) 7'
g !g 7g ’ 0 (3)
v Zo B(9,.0:—9,) ul
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(|z]<LRe(g,)>Re(g,)>0).

0 (4)

(Re(g,)>Re(g,)>0).

Chaudhry & Zubair (1994) generalized classical gamma function in equation (1) as follow:
r, ()= j yu exp[ Y—q—;jdy, (Re(y,)>0,Re(y,)>0). (5)
0

Chaudhry et al., (1997) generalized classical beta function in equation (2) as follow:

B, (. ¥,) = [y (1-y)"" exp( i qy)dey, (6)

(Re(y,)>0,Re(y,)>0,Re(q,)>0).

Chaudhry et al. (1997) showed that the extension of beta function has certain connection with
Macdonal, error and Whittaker functions.

Chaudhry et al. (2004) generalized classical Gauss and Kumar confluent hypergeometric
functions in equations (3) and (4) using extended Euler’s beta function in (6) as follows:

~ 92+U 95— gz) z"
9 192,03, —, (7
1 08::2)= 2(8), (92,93 g,) ul
(0,20,|z|<L;Re(g;)>Re(g,)>0).
and
= B (92+u’93_gz)2u
®, (9,;0,;2)=> —= —, (8)
Q1( 21393 ) UZ:(; B(gz,g3_g2) ul

(0, >0,Re(g,)>Re(g,)>0).
Choi et al. (2014) proposed extension of the extended Euler beta function (6) as shown below:

1
By, ., (Vi Y2) = j yr (1- y) exp( q; (i yjdy, (9)
0

(Re(y,)>0,Re(y,)>0,Re(q,)>0,Re(q,)>0).
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Choi et al. (2014) showed that the extension of beta function has certain connections with
Laguree polynomial, Macdonal and Whittaker functions. Ata (2018) presented extension of the
extended gamma and beta functions in (5) and (6) as follows:

e (v,) = Ityl M(aﬂ y—q—;de, (10)

0

(Re(y,)>0,Re(a)>0,Re(B)>1Re(q,)>0).

and

0 0y
11 )2 171 ’ ;_ d, 11
"Y1 ¥2) !y l//(aﬂ (1—y)yj y (11)

(Re(y,)>0,Re(y,)>0,Re(ar)>0,Re(B)>1Re(q,)>0).
where 13, (;) is classical Wright function defined in (Rainville, 1960).

Kulip et al. (2020) proposed further extension of the extended gamma and beta functions in (9)
and (10) as follows:

WF aﬂr§ J.yyl (_ &]dy’ (12)
y

(Re(y,)>0,a, 87,6 €Cia>-1,5 ¢ Z,,0, 20).

and

1
B (y, e % gy, 13
(1Y) ly a,ﬂ[ (1_y)y] y (13)

(Re(y,)>0.Re(y,).a.f.7.6€Cia>-1,6¢Z,,0,>0),

where W;'g (;) is the generalized Wright function defined by EI-Shahed & Salem (2015).

Other generalizations of gamma, beta, Gauss hypergeometric, confluent hypergeometric and
other related functions with their properties can be found in (Ibrahim & Ozel, 2016; Srivastava
etal., 2017; Abdulnaby & Ibrahim, 2020; Abubakar & Kabara, 2019a, b; Abubakar etal., 2020;
Ata & Kiymaz, 2020; Emmanuel, 2020; Gehlot & Nisar, 2020 & Ghayasuddin et al., 2020;
Abubakar, 2021b). Itis the purpose of this article to introduce the following new generalization
of Euler beta function:

1
By (Vo) = [y (1= v)“W;,‘Z[ qy i yjdy (14)
0
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(Re(y,)>0,Re(y,)>0,a,8,7,6 C;a >-1,5 £ Z;,q, 20,0, > 0).
2. Generalized Beta Function

In this section, summation formulas and symmetric relation of generalized beta function are
discussed in the following theorems:

Theorem 2.1: For the generalized beta function, the following holds true:

BT (Yi ¥, ) = VBT (Y ¥, + 1)+ VBT (v, +1 Y, ).

Proof: By direct calculation,

aﬂr&

Blh [¢73 (yl’ y2)

O'—.»—\

e R T e e

y 1-
On simplifying, gives

B (Y1 ¥,) = BT (Yh Y 1)+ VBT (v, 41 Y, ).

Theorem 2.2: The following summation formulas hold:

a,pir, -
WB%QZ ? yl'l y2 :Z
Proof: By direct computation, yields
W (@ ir) fors ) Y s 6 G,
B(h [*7) (yl’l y2 :Jy 24\/\/0(,3 1 dy
0 u=0
Reversing the order of summation and integration, gives

wpie SIS % _ 9
"B (Yl ¥e) =2 Iyy |y Ty |

On simplifying, yields

o, T, - y a T,
"B (il Y,) =Y, J. 2 (v + U,
u=0 -

Theorem 2.3: The following summation formula holds:

W aﬁrb - W aﬂr&
Bq1 a, yl' y2 Z 01,0 yl tuY, +1)
u=0
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Proof: Using equation (14), it is easy to have

1
WB(aﬁrﬁ) ’
0;.0, yl y2 _c[y y 1_y

u=0

y "W, (—&——qz jdy.

Reversing the order of summation and integration, gives

o 1
e )5 Py ey g5
u=0 o y l_y

On simplifying, leads to the following
aﬂrﬁ c aﬂr&
WBCth yl’y2 ZW 0,0y y1+u y2 +1)
u=0

Corollary 2.1: The following summation formula hold true:

nn

Wplapr,0 Wplapgr,0

thr% )(yl’yZ):Z[U] B((thZ )(y1+u’y2 +n—U).
u=0

The next theorem represents the integral representations generalized beta function.

Theorem 2.4: Each of the following integral representations hold true:

1
"B (o) =n [y A=y )W [‘q—i— " jdy
0 y 1_y

a,pit V. — 1 = - . 2 2
“Bara 7 (o) =27 [ (L y) (- y) WG ( ey —&de,

1 1+ y 1- y
WB(a,ﬂ:ré , i h v 0 y2 lwfﬁ _aq  aq, dt,
01,0, (yl y2 _([y a,p y a— y

a/i’r&
G1,02

y)" “’1 (a+l)y a(l-y

(15)

(16)

(17)

(yl’y2 =a” 1+a J'y 1+ ) Wr,é‘(_ql(y—l—a)_q2(y+a‘))]dy. (18)

Proof: Substituting y =7", y=2"1(14+7), y=a'r and y=(1+a)(r +a) 'r in

equation (14), gives the desired results in (15), (16), (17), (18) and (19), respectively.

Theorem 2.5: The following integral representation hold true.

cos™ ™ Osin®= ™ 0 W5 (—q, sec’ 0 — g, cosec’0) do.

o~—.~m

! B(gff;]f;’ 7 (Yo ¥,)=2
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: K n ‘ 1+
MBI (y,,y,) = f(lvaag [_M —q, (1+ y)J dy, (20)
0

"B (v y,) = (c—a) " [(y—a)"  (c-y)*T

XWT,(S (_ ql(c_a)_qZ (C—&)de. (21)

Proof: Settingy = cos?8,y =r(1+7r)tand y = (r —a)(c—a)™! into equation (14),
lead to the required results in (19), (20) and (21), respectively.

Theorem 2.6: The following summation formulas hold true.

a, BT, r+u+ - (_1 ) a, Bt +U,T+U+
WB((thf l)(yl’y2):(T)u+lrz=(;u!(n_u)!)(y_'_u)WBc(hxq[z} l)(yl’yz)' (22)

Proof: This result can be obtained using the results in (EI-Shahed & Salem, 2015; Kulib et al.,
2020)

n -1 u
W;’;+u+l (Z) — (T)u+1 Z ( ) )Vvo;t";u,‘r+u+l (Z)

Zul(n-u)!(z+u

Foru=1, inequation (22), obtained the following recurrence relation.

Corollary 2.2: The following relation hold:
B TT Y (Yaya) = (L) MBS (Va2 ) + 7 MBI (v v ).

Theorem 2.7: The following formula hold:

w B(a,ﬁ'—l;r,b‘) (y1, Y, ) + (1_ ,B) w B(a,/)’;r,b‘) (y1’ Y, ) — _anl w B(a,a+ﬂ;r+1,§+l) (yl -1 Y, _1)

G192 01,92 S 01,92

at (G, = 0y) (@ prrios
—# WBélqu fresto 1)(y1’y2 —1).

Proof: This result can be obtained using (EI-Shahed & Salem, 2015; Kulibet al., 2020)

_QTZ

W5 (2)+ (L= B) W5 (2) = —= Woiy™ (2).

Connection between the introduced beta function and incomplete gamma, classical beta,
classical Wright, hypergeometric, error, Fox-H, Fox-Wright, Meijer G-, Mittag-Leffler
functions is discuss in the following theorems:
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Theorem 2.8: Each of the following integral representations hold true.

r 6)l } G, 9 (1-7.1)
wg(e) (y, Hloyy tH| Gy % dy, (23
L L AR 1
_ 1 1-7
WB(a,ﬁ,Ta , ) y-1 l Vz Gll q1 q d , 24
1.9 yl yz F(T)-([y y 13|: y +1 O,l—ﬂ,l_f / ( )
| r(s) (z.1) ;4 G
WB(O!ﬁJ'b , - d 25
) =1 {y 1‘”{(5,1),( ayy Ty

where HZ¥¢ (;), 12 () and G¥g, () represent Fox H-function, Fox-Wright function and

Meijer G-function, respectively (see, for example, Andrew, 1985; Luchko, 2009; Mathai et al.,
2010; El-Shahed & Salem, 2015; Kulib et al., 2020).

Proof: Equations (23), (24) and (25) can be obtained by using the relations in (EI-Shahed &
Salem, 2015; Kulib et al., 2020)

7,8 _ T(5) H1 (1_7’1)

iy (—Z) = F(T) 13 |:Z|(O’1)’(1_ﬂ,a),(l—5,1):|’

iz Dl o]

wg (2)-1\%) H;’,?{,w,a)f}’

respectively, the desired results are received.
Theorem 2.9: The following integral representations hold true.

W R (a.Bi7.6) T -1 -1y, yz—J\N qu qZU
Boa  (Yu¥2)= ”u 1-u) " Tyra-y) W, , Ty |dudy.

where W, 4 (; ) denote WeII known classmal Wright function defined in (Khan, et al., 2020).

Proof: This result can be obtained by using the following relation (EI-Shahed & Salem, 2015;
Kulib et al., 2020)

.5 (2u)du.

W3 (2) = —a— [u (L-u)
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Theorem 2.10: Each of the following relation holds.

v (YurYs) —r jyyl 1-y)*'E (—i— % jdy (26)
1.0p 11 Y2 1.6 !
q e} (ﬂ 0 y 1 y
1
va(a,ﬂw , 1E _S % |y , 27
o (Yo Ya) !y (a,l);(ﬁ,é‘)( y 1-y y (27)

WB[;,l;r,m](y y ): 2° j y”" (:l'_y)y2 y 1+7 i+ G 2 dy
0.0, 1 Y2 r\/;(,[(l—y)%"'%y] 2 2y 2(1-y)

f o q, q,
+y" T (1- "erf dy. (28)
!y =" (ZV 2(1—y)jy

where E,, (), erf (;)and y (;) are two parameters Mittag-Leffler, error and incomplete
gamma functions, respectively.

Proof: Equations (26), (27) and (28) can be obtained by using the following relation (El-
Shahed & Salem, 2015)

()

r(p)

Woj (2)=

E.s(2),
W, 5 (2) =T (8) E(,ayp.s) (2)

w3 ot 4 )

respectively, the required results are obtained.

Theorem 2.11: Each of the following relation holds.

. 1
BRI (. y,) = ) jy exp( (2/1 1q_2yj
0
(5 rody G jdy, (29)
y 1—y
1 1 ¢ 1 q q
7,6) — Y2~ . .
Bq1 gz (yl’ Y,)= (ﬂ)J.yyl l(l_ y)© iR [7'5”8’71+ﬁjdy’ (30)
0
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WB[;l;fs)(y y,)—-—P2 j F|ll4z 2473140 246, ( @ G 2
% vz 5”0332’2’ 2 22 2 [ 2y 2(1-y)

f 11+r 2473145 245, (9 g )
2 '2" 2 2 y)

1-
<L) N_
xyh(1- y)yz*2 dy+B(Y.,Y,) (31)

where q F, (;) is the hypergeometric function and B (y;,y,) is the classical beta function given
in equation (2).

Proof: Equations(29), (30) and (31) can be obtained by using the following relation (El-Shahed
& Salem, 2015)

W, (2)= eﬁ?(ﬁz))lFl(ﬁ—f:&—Z),

wlf,;ff(z):%la(r:aﬂ:z),

2
W,J( 72 [1 1+7 247 3 146 246, 2 j

71 )_1 5\/—3 3

respectively, the required results are obtained.

2" 222" 2" 2 " 4

3. Generalized beta distribution and generalized Gauss and confluent hypergeometric
Function

If a and b satisfy the condition —co < a,b <o, p,q >0 and «a,f,7,6 € C, then the
generalized beta function is given as follow:

1 y; -1 Y21 7,6 ql q j
(1 w O<y<l],
f (y) — Wng;],f;r,(S) (a,b) y ( y) a.p ( y 1— y y

0, otherwise.
For real number g, then the oth moment of X is as follow:

.\ _ "Buy " (a+o.b)
E(X )_ W (a.8:7.9)
By (ab)

, (a,beR,a,ﬂ,r,§eC).
If o =1, the mean of the distribution as follow:
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w Bé“‘ﬂ:"‘s) (a+1b)

,U:E(X): WB?aﬂr5 (a b)

01,02

. (abeR,a,p,7,6€C).

The variance of the distribution is obtained as follow:

wBa/ins (ab) aﬂr& (a+lb) {

01,02 G102

(wBle/=) (a,b)}

01,4

Var — ;ﬂfﬁ(a+1bﬁ

The moment generating function of the distribution is as follow:

u

M (t)=— B"‘ﬂ”g ZWB“f” a+u,b)t_

ul’
Q1,92

The cumulative distribution is given below:

W p(a.8:7.6) b
F(X)_ G,02,X ( ! )

- WB aﬂrﬁ)(a’b)'

01,02

where
WB(aﬂT5 a b):j'(‘yyl—l (1_y))/2_lw‘r,5 [_i_ qZ jdy
01,02, X ! a.p 1— !
0 y y
(a,beR,a,B,7,6 €C),
is the generalized incomplete beta function.

Generalized beta function in equation (14) is used to generalize the Gauss hypergeometric and
confluent hypergeometric functions as follows:

= VB (g, +u,04-0,) 2
WF aﬁ75 g'g ’g’ 01,02 2 193 2 iy (32)
i (0:0:802) =2 (o), B(9,.9:-0,)  ul
(e, 8,7,6€C,0, 20,0, 20,|z| <;Re(g,) > Re(g,)>0).
and
(a.B:7,5)
a,pt, - 1,0 g +ulg _g Zu
B0 (gi057) - 3 s (91902 (33)

u=0 B(gzygg_gz) U! ,

(a.8.7,6C,q, 20,0, 20;Re(g,) > Re(g,) >0).
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Theorem 3.1: The following integral formulas of WF(“B %é) (a,b; c; z)and Wq)(“B T‘S)(b;c;z)
hold:

WF a,f;7,8) 9,,0,:0.:2) = ygrl 1-y 9702 Wafﬁ(_i_ij
0.0 ( 1192193 ) (92,93 92)‘[ ) o’ y 1-y
> (e, %, (3
u=0 -

(a,8,7,6 €C,q, >0,0, >0;0, =0,0, =0 and |z| <1;Re(g,) > Re(g,) > 0),

WFaﬂré g,g ’g’ — yngll yga g1 1 yZ
R e ARSI O
o[ % de, (35)
ﬂ( y 1-y

(jarg(1-2)| < 730,,0,,, B, 7,6 € R*,Re(g5) > Re(g, ) > 0).

Proof: Equation (34) can be obtained from (32) and (14) as follow

1
+U-—! 3792~ 7,0 ql qZ
ygz 1 1 y g g 1Wa 0 [__ __]
0'([ Uy 1-y

WF(“rﬁ;Tﬁ) g ’g ’g 1Z) = N
wi (90:i0:7) (92.93 g,)

ngl Z_'

On interchanging the order of integration and summation and simplifying, the required result
in (34) is obtained.
Equation (35) can be obtained from (34) and the identity X522, (91)u yz) =(1-
zy)791, |z| < 1.

Corollary 3.1: The following Kumar confluent hypergeometric function formulas hold:

1
W(Daﬁrﬁ 9,:0,; — y zyWayJ( q1 q de’
01,02 ( 2193 ) (gz’g3 .([ B y 1— y

1
W (D a,pir.5) g ’g : — eXp(Z) y 3—0,-1 1 y EXp( Zy)W 7,8 [_ ql _&]dy
e ( 2 ) (92’93 gz '([ ) “ 1-y vy

(|arg(1—z)| <m0, a B,7,0€ R+,Re(93)> Re(gz) >O),
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Theorem 3.2: The following differentiation formulas of WF;:'(;QT"S) (91,92: 935;2z) and
Wep BT (g . g Z)hold.

41,492
d W = (a.f;7,5) 9,9, w (a.Bi7.,5) . .
a Tae(0092062) == = TR (0 410,105+ 1 2), (36)
3
du a,pit g u g u a,fir,0 . .
dz" FquZﬂ 5(91’92;93;2):( l()g() 2) WFq(l,qzﬁ ")(gl+u,g2+u,gs+u,z). (37)
3/u

Proof: Differentiating equation (32) with respect to z, yield

d w aﬁra = BSZ&f;TYJ)(gz"'U’gs_gz) vl
— R (009:1952) = (9,
dz u=0 B(g 193_92) (u _1)!
Setting u — u + 1 and the relations
(9:),,=9:(9, +1), and B(9,,9,-9,) = ng(gﬁl 95— 9,), (38)
3

gives the desired result in (36). Continue differentiating (36) (n — 1)-times gives (37).

Corollary 3.2: The following confluent hypergeometric differential formulas hold:

4w pasid) (0,:05:2) = 2 ¥@l#79) (g, +1.9,+1;7), (39)

dZ G1,G2 g 01,02
3

du a,Bit, g u a,pit,0 . .
o P (9292)= —Eg; "y (9, g Uz)
3/u

Theorem 3.3: The following transformations of WF(“ﬁT‘S)(gl,gz;g3;z) and

q1.92
¢(o<ﬁ 7,6)

s (92:932) holdstrue.

o, T, 1 o T, Z
Fqlqzﬂ ) (gl’g2’g3' ):(l Z) ’ WF ﬁ & (gl’gs 921937 1) (40)

Proof: Equation (40), can be obtained by using [1—z(1—-¢t)] 91 =(1—-2)"9:1(1—
——t) 92 and replacing t by 1~ ¢ in (35),

(a.B;7.6)

"R 7(0092:05:2) =

1 ; g 7 ~G
o (1o y) ¥ (1-z) | 14—
Jy" y)*" (1-2) (+1_Zyj

B(9,.9,—9,)
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oW ( 4 9 J dy.
Ll-y vy
On simplifying, the desired result in (40) is obtained.

Corollary 3.3: The following generalized confluent hypergeometric transformation formula
hold true:

YO (9,105 2) = exp(2) " O (05— 0,1 05i-2)-

Theorem 3.4: The following differential and difference relations of WFq(:ff;;T"” (91,92:93:2)
and chq(:‘ﬁf"s) (9,;932) holds true.

a,pit, . . g z a,pir, ) .
Agleqqu 5(91’92'93’2):?WFQ(1,<4? 5)(91+1'92+1’93+1’Z)1 (41)
3
d W (a,B;7,5) gl W —(a,B:7.5)
E F‘th (gl’gZ’g3’ ) Al Fqlq2 (91,92,93, ), (42)
0, Ay, O (9,50,+ 1 2) + g5 Ay, LT (0,304:2) =0, (43)

d a.B:1.0 a,pr, a,p,t,
—W(D( B b)(gz,g?), )_32 WCD Pie:9) (92;93+1;Z) A WCD i) (92193’ ) (44)

dZ G1,02 . 01,92 01,02

Proof: Equation (41) can be obtained by using integral representation in (35) of the new
generalized Gauss hypergeometric function and A, is the shifted operator with respect to g,

Ay VFEP(g,,0,105:2) = YR (9,419,504 2) - VRS (0,,0,:04:2) (45)

[ 4

jygz T (L-zy) W [__1 . de.
(gz,gs )% y 1-y
Settingg, - g1 +1,9, 2 g, + 1and g; = gs + 1, respectively, in equation (45).

W = (a,B;7,6)
G1.92

(0, +1.9,+1gs+1 2 0 () gyt

1
— ygz
) Js (gz,gs {
X W [—i - q—ZJ dy. (46)
B y 1_y

Using the result in equation (14) in (46), the desired result in (41) is obtained.
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Equation (42) can be obtained by using differentiation formulain (36) and considering (38),
the required result is obtained.

Equation (43) can be obtained by replacing g, and g5 by g, + 1 and g5 + 1 in equation (33),
respectively and some simplifications, the required result is obtained.

Equation (44) can be obtained by using differentiation formula in (39) and (43).

The following theorems for the new generalized Gauss hypergeometric and confluent
hypergeometric functions.

. ; ; (<, B;y78)
Theorem 3.5: The following summation theorem of WFq:fqﬁz”T (91,92;93;2z) and

<Dq(:(q€w) (92; 93; z) holds true.
WB(a,ﬁ;r,(S) (g 9.~ 0, — g )
WF(a,ﬁ;r,rS) g ’g ;g ;1 _ 0.0 2193 1 2 . (47)
wa (009057 B(9,.9,—9,)

Proof: From equation (35), substitute z = 1, yield
i 1 4 g

WF aﬁra g 1g 1g ’ = y W;’S(__l__zjdy

v (0,09 (92193 ! Uy 1oy

On simplifying, the required result is obtained.

Remark 3.1: The formulain equation (47) inthe case q; =q, =0,a=0, f =2andt=§
reduces to the well-known classical Gauss summation formula (see for example, Rao &
Lakshminarayanan, 2018).

Theorem 3.6: The following generating function of WFq(:(qﬁz}/‘r(S)(gl’gz;g3;Z) and
8
Wd’q(:(qir )(gz;gg;Z) holds true.

u

Z gl qlaqﬂ“s (gl +U,0,,0;:2 )y (1 y) ; WFqlaqzﬂ“} [91’92’93’ t]’ (48)

u=0
(g,20,0, 20,|y]<1).

Proof: Setting U in the left-hand sides of equation (48), and simplification,

© © WB(‘X*'B?T*J) g,+n,0,-g n u
U :z(gl)u {Z(gl—i—u)n 01.0; ( 1 2 3) Z_ y_
u=0 n=0

B(gl792_g3) nt| ul

Reversing the order of summations and using the identity in equation (38), gives

e MBS (g 40,9, 2 [ t
U=>(g) —= 9405, 3)( - {Z_; g,+n). —. 1-t) ™ }

r=0 B(gvgz_gs)
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On simplifying, the desired result is obtained.

4. Generalized hypergeometric functions of two and three variables and their
integral representations

In this section, generalization of the first two Appell’s hypergeometric functions and
Lauricella’s hypergeometric function of three variables is used (Liu, 2014; Agarwal et al.,
2015).

. B (G tu+s gm0t 7
Faﬂr5 g,g ,g ,g,tZ g g 01,92 1 194 1 __( )
e (902 0:04i12) = u;o( 2),(04), B(9:.9.-9,) ul's
(|t|<1,|z|<1).
: "By (9, +U.9.-0,)
WF(a/)’TEa/i’T(? g,g ’g ’g ,g ,t,Z — g G1,92 2 194 2
2,04,0 ( 1192193194195 ) u,sz—o( 1)u+s 8(921g2_gz)
WBC(]jgfl;Tlﬁ')(ga"'S’gs gs)t Z (50)
B(9s:95— ;) ul'st'
(] + 2| <1).
® B(“‘ﬂ”"s)(g +Uu+s+h,g,—g,)
WF(3;a,ﬂ;ré 9.,9,,04,0..0 £ X Z 01,02 1 '9I5 1 g
D.a;.0; ( 1192193194195 ug::O 8(91’95_91) ( 2)u
<(0,),(0.), 5L 1)
/s 3540y st hy

(|t| <1|x <17 <1).
where WF1(Zﬁqra)(glgz'r%igz;ix?}’) and WFZ(ZBqZSWB,m'&)(91'92:93;.94i952xi y;z) are
the first two Appell’s hypergeometric functions of two variables and
WF;Z:(fZ i.6) (91,92,93,94; 9s;x;y; z) is the Lauricella’s hypergeometric function of three
variables.

Theorem 4.1: The following integral representations of WFl(‘;‘ qu 3 (91,92,93; 94;x; y) holds
true.

1 1 ygl—l (1_ y)g4—91—1
B(91,9.~91) 7% (:I-_ty)g2 (1- Xy)g3

VR (9,,0,.051 0415 X) =
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W2 (—q—yl—l‘j—Zyj dy,  (52)
(max {ft].|x|} <1;Re(q,) > 0,Re(q,) > 0;min {Re(),Re(3),Re(z),Re(5)} > 0).

Proof: Let U denote the left-hand sides of (52), then using (49) and simplifications,

U = i .][ygj,*UJrSl(l_ y)g4_91_lW;g (_i_ q2 j (QZ)U(gg)S EX_S

y 1-y)B(g,,9,~9,)u!s!

us=0 o

Interchanging the order of summation and integration in equation,

__ 1 et [y )BStyy eo Sy ()
U_B(@Jl.@u gl)Iy A ( y 1- yHuzo }

On simplifying this equation, the required result in (52) is obtained.

Corollary 4.1: For a bounded sequence of essentially arbitrary complex numbers, (Liu 2014,
Agarwal et al. 2015)

0 t X 00 0 u S
S XSS et X )
0 U=0 s=0 u! s!
Theorem 4.2: The following integral representation of
WFZ(quZ‘SWﬁ"T"&) (91,92,93,94; gs; x; v; z) holds true.
w B S s 1 11 (1_ y)gzx*gzﬂ
WF( inoa fird) 0:,09,,05:0,,05:6X) =
2,0.9; ( 1192193194195 ) B(gz1g4_92)8(93195_93),([.!(1_ yt_xc)gl
910t (q_g)s Wty | G Do WT"’g:(_i_ijd dc, 54
AR G B vl LA R g L (54)
(It + X <1).

Proof: Let U denote the left-hand side of (54). Then using (50),
+u 4=02 q q (gl)
U= y g +u-1 1 y g -9 1VV (__1_ 2 de} u+s
ZO{J y 1-v) "] B(9,:9,~9,)B(9:95~ ;)
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1 u S
X{ICQ3+S_1 (1-c)* = W (—i —ij dc}x—y—.

0 c 1-c u! s!
Interchanging the order of summation and integration,

1 0 ~ —g,-1 —ga-1
U= yelst (1 y)% %t ()%
5(92,94—92)8(93,95—93)££ (a=y)" = 1-e)

X W [_i_ % jw;,};‘.' (_i_l‘i_ch[ AN Co) @J dydc.

y 1l-y c 0520 ul sl
Applying equation (53) gives the required result in (54).
Theorem 4.3: The following integral representation of WFIEZ“fz“” (91,92,93, 943 9s;t; X; 2)
holds true.

- 1 ul(]_ )93—91—1
MR (91,0,,05, 041055 1 X: 2) = . 'y
o (019205 0118576X:2) B(gl,gs—gl)g (1-xy)™ (1- yx)® (L-2y)"
x WS % _ % jdy t|<1|x| <1|y| <1). (55)
-3 e (ueaban<y

Proof: Let U denote the left-hand side of (55). Then by using (51), gives

= i jy91+r+s+hl 1— y)93911W;’§[_i_ % ](gz)u(93)5(94)h ﬁX—sid

y 1-y) B(9,,9;—9,) u!ls!hl
Interchanging the order of summation and integration, gives

o (gl,gs iy " WM( y 1- yj{i () )}

x{fzo<ga)s(Xj!)s}{:z(gnh(zr{f }dy.

On simplifying, the required result in (55) is obtained.

:00

5. Conclusion

Generalized Wright function was used to define a new generalized beta function with some of
its properties like summation formulas, Integral representations, connections with other special
functions such as incomplete gamma, classical beta, classical Wright, hypergeometric, error,
Fox-H, Fox-Wright, Meijer-G functions are obtained; Beta distribution together with-it
corresponding moment, mean, variance, moment generating function and cumulative
distribution are also presented. Moreover, the generalized beta function is used to generalized
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classical and other related extended Gauss, Kumar confluent, Appell’s and Lauricella’s
hypergeometric functions with their integral representations, differential, difference,
summation, and transformations formulas. In its special cases (the new generalized beta
function), this generalization includes the extension of beta function which were presented in
(Chaudhry & Zubair, 2002; Srivastava & Choi, 2012; Chaudhry 1997; Choi et al., 2014; Ata
2018; Kulip et al., 2020). Some properties of these generalized beta are investigated, Kumar
confluent, Appell’s and Lauricella’s hypergeometric functions, most of which are analogous
with the classical and other related generalized beta functions. These generalized functions can
be used to study theory of fractional integral and differential calculus (see for example, Agarwal
etal., 2015; Pucheta, 2017; Rahmanetal., 2018; Shadab et al., 2018; Nisar et al., 2019; Singhal
and Mittal, 2020) and in the provision of the extended special function such as Mittag-Leffler,
Bessel-Maitland and Wright (refer to, Khan et al., 2020a, b).
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